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This documents are lecture note on intensive course for financial mathematics.
Nowadays, there are various textbooks for financial mathematics by many authors as Øksendal,
Shereve, Kratzas, Cont, Krylov, etc.
To reach research level in financial mathematics, one must know about various topics as
calculus, linear algebra, ODE, measure theory, probability theory, mathematical statistics,
stochastic process, stochastic calculus, nemerical analysis, PDE, functional analysis. they
also need to obtain the skill for SAS, programming with C, fortran and MATLAB, GAUSS,
excel VBA.
I will summurize what to know in this field, and write down the knowhow to shorten the
path.
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2. Itô’s lemma 18
3. Relationship between SDE and PDE 20

Chapter 3. Partial Differential Equations 23

Chapter 4. Girsanov theorem 25

Chapter 5. The Classical Black-Sholes Option Pricing Model 27
1. Model 27
2. Pricing Formula 27
3. Greeks 28
4. Exotic Option pricing : Powered call option 30

Chapter 6. Monte Carlo simulation 33

Chapter 7. Various Approach for fitting to Empirical Data 35
1. Empirical Evidence for Option price did not follow BS formula 35
2. Constant Elasticity Volatility model 35
3. Stochastic Volatility Model with One-Factor model 37
4. Jump Diffusion Model 42
5. Stochastic Volatility Model with Two-Factor model 42

Chapter 8. Financial Application : Term Structure Model 43
1. Classical Model 43

Chapter 9. Financial Application : Credit Risk Modeling 45

Chapter 10. stochastic optimal control 47

3





CHAPTER 1

Mathematical Preliminaries

1. probability and measure theory

To study financial mathematics, some preliminaries are needed. first concept is measure
and probability. I recommend to read Durret, Allen Gut, Gnedenko, Breiman and Olav
Kallenberg’s books for graduate level probability and check details in the textbooks about
measure theory by for Frank Jones, Zigmund and Folland after read this note.

Definition 1.1. Probability Space (Ω,F , P )
A set Ω is a sample space
A collection F of subsets of Ω is a σ-field if

∅ ∈ F and Ω ∈ F
for any A ∈ F , Ac := Ω\A ∈ F
for any countable collection {A}∞n=1 of sets in F ,∪∞n=1An ∈ F

The third property is called countable additivity or σ-additivity

A [0,∞]-valued set function µ : F → [0,∞] is a measure if

µ(∅) = 0

µ(∪∞n=1An) =
∞∑

n=1

µ(An)An ∈ F withAn ∩ Am = ∅, n 6= m

If µ(Ω) = 1, µ is a probability measure and we usually note P instead of µ. Specially, we call
(Ω,F , P ) Probability Space.

Definition 1.2. Borel σ-field
Let R be the sample space and let B = B(R) be the σ-field generated by all the open set in
R. B is called the Borel σ-field on R
In other words, the Borel sigma algebra is equal to the intersection of all sigma algebras A
of X having the property that every open set of X is an element of A . An element of B is
called a Borel subset of X, or a Borel set.

Definition 1.3. Measurable
A function f : X → R is measurable if, for every real number a, the set {x ∈ X : f(x) > a}
is measurable.
When X = R with Lebesque measure µ, or more generally any Borel measure, then all con-
tinuous functions are measurable. In fact, practically any function that can be described is
measurable. The measurable functions form one of the most general classes of real functions.

Definition 1.4. Random Variables
Let Probability Space (Ω,F , P ) and (R,B) be given. Measurable function X : Ω → R is a
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random variable on Ω if

X−1(A) ∈ F for any A ∈ B
In this case

PX(A) := P (X−1(A))

is a probability measure on (R,B). PX is called the distribution or law of X

Definition 1.5. Lebesgue Integral
The integral of a measurable function f : X → R ∪ {±∞} on a measure space (X,B, µ) is
written ∫

X

f dµ or just

∫
f.

• for any A ∈ F ,∫

X

1A dµ := µ(A).

• If f is a simple function as f =
∑n

i=1 ak1Ai
, ai ∈ R

for any Ai ∈ F and ai,∈ R∫

X

f dµ :=
n∑

i=1

ai

∫

X

1Ai
dµ =

n∑
i=1

aiµ(Ai).

• If f is a nonnegative measurable function∫

X

f dµ := sup

{∫

X

h dµ : h is simple and h(x) ≤ f(x) for all x ∈ X

}
.

• For f any measurable function write f = f+ − f− where f+ := max(f, 0) and
f− := max(−f, 0),

so that |f | = f+ + f−, and define the integral of f as∫

X

f dµ :=

∫

X

f+ dµ−
∫

X

f− dµ,

provided that
∫

X
f+ dµ and

∫
X

f− dµ are not both ∞.

• In the case of probability space (Ω,F , P ) , we usually use the notation EX instead
of

∫
Ω

XdP ;

EX =

∫

Ω

XdP

E(X; A) =

∫

A

XdP =

∫

Ω

X1AdP

Definition 1.6. Product measure
Let (Ω1,F1, µ1) and (Ω2,F2, µ2) be two σ-finite measure spaces, i.e.,

Ω1 = ∪∞n=1An, µ1(An) < ∞ for all n

Ω2 = ∪∞n=1Bn, µ2(Bn) < ∞ for all n

We define (Ω,F) by

Ω = Ω1 × Ω2 = {(ω1, ω2)|ω1 ∈ Ω1, ω2 ∈ Ω2}
F = F1 ×F2 = σ(A×B|A ∈ F1, B ∈ F2)
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Then, there exists a unique measure µ := µ1× µ2 on (Ω,F) such for all A ∈ F1, B ∈ F2,
µ(A×B) = µ1(A)×µ2(B) is called called product measure and (Ω,F , µ) := (Ω1×Ω2,F1×
F2, µ1 × µ2) is called the product measure space.

Theorem 1.7. Tonelli and Fubini

f ≥ 0 ⇒
∫

Ω

fdµ =

∫

Ω2

(∫

Ω1

fdµ1

)
dµ2 =

∫

Ω1

(∫

Ω2

fdµ2

)
dµ1

∫

Ω

|f |dµ < ∞⇒
∫

Ω

fdµ =

∫

Ω2

(∫

Ω1

fdµ1

)
dµ2 =

∫

Ω1

(∫

Ω2

fdµ2

)
dµ1

Remark 1.8. some useful examples on probability

• X ≥ 0 ⇒ EX =
∫∞

0
P (X > t)dt

• p > 0, X ≥ 0 ⇒ EXp =
∫∞

0
ptp−1P (X > t)dt

• ∫ +∞
−∞ e−x2

dx =
√

π

• µ({x ∈ X; |f(x)| ≥ t}) ≤ 1
t2

∫
X

f 2dµ or Pr(|X − µ| ≥ kσ) ≤ 1
k2

Theorem 1.9. Monotone convergence theorem, MCT

fn ≥ 0, fn ↑ f ⇒
∫

Ω

fndµ →
∫

Ω

fdµ

Theorem 1.10. Fatou’s lemma

fn ≤ 0 ⇒
∫

Ω

lim inf
n→∞

fndµ ≤ lim inf
n→∞

∫

Ω

fndµ

Theorem 1.11. Dominated convergence theorem, DCT

fn → f, |fn| ≤ g,

∫

Ω

gdµ ≤ ∞⇒
∫

Ω

fndµ →
∫

Ω

fdµ

Definition 1.12. Convergence

• Xn converges to X almost surely if P
(
ω; lim

n→∞
Xn(ω) = X(ω)

)
= 1

denote this by Xn
a.s.−→ X

• Xn converges to X in rth mean for r > 0 if E|Xn −X|e → 0

denote this by Xn
r−→ X

• Xn converges to X in probability if P (|Xn −X| > ε) → 0 a n →∞
denote this by Xn

p−→ X

• Xn converges to X in distribution if ρn(x) → ρ(x) at every point x

denote this by Xn
D−→ X
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Definition 1.13. weakly converges
Let µn, µ be finite nonnegative measure on (Ω,B(Ω)) we say µnconverges weakly to µ and

write µn
w−→ µ if for every bounded continuous function f∫

Ω

fµn(dx) −→
∫

Ω

fµ(dx)

Definition 1.14. Conditional Expectation Let (Ω,F , P ) be a proabbility measure
space.
Let G be a sub σ-field of F , that is, G ⊂ F
Let X : Ω → R be a F -measurable random variable with E|X| < ∞.
then, there exists a random variable Y ∈ G such that

E(X; A) = E(Y ; A) for any A ∈ G
Y is called the conditional expectation of X wrt G and it is denoted by E(X|G).

Theorem 1.15. Basic property of conditional expectation

(1) linearity E(αX + βY |G) = αE(X|G) + βE(Y |G)

(2) Monotonicity E(X|G) ≥ E(Y |G) if X ≥ Y

(3) Tower E(E(X|G)|H) = E(E(X|H)|G) = E(X|H) if H ⊂ G

(4) E(X|G) = X if X ∈ G

(5) E(X|G) = EX if X and Y are independent.

(6) E(E(X|G)) = EX

(7) E(XY |G) = XE(Y |G) if X ∈ G

(8) Jensen’s ineq. E(ϕ(X)|G) ≥ ϕ(E(X|G)) for convex function ϕ

(9) MCT E(Xn|G) ↑ E(X|G) if Xn ≥ 0 and Xn ↑ X

Definition 1.16. Characteristic function
Let X be a random variable defined on (Ω,F , P ) and taking values in R with probability
law pX . Its characteristic function φX : R→ C is defined by

φX(u) :=IE(eiuX) =

∫

Ω

eiuX(ω)P (dω)

=

∫

R
eiuyPX(dy)

for each u ∈ R.

Definition 1.17. Convolution
Let M1(R) denote the borel probability measure on R, We define the convolution of two
probability measures as follows:

(µ1 ∗ µ2)(A) :=

∫

R
µ1(A− x)µ2(dx)
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for each µi ∈M1(R), i = 1, 2 and each A ∈ B(R) where we denote A− x = {y − x|y ∈ A}

Proposition 1.18. f ∈ Bb(R), then for all µi ∈M1(R), i = 1, 2

∫

R
f(y)(µ1 ∗ µ2)(dy) =

∫

R

∫

R
f(x + y)µ1(dy)µ2(dx)

Corollary 1.19. For each f ∈ Bb(R),

IE(f(X1 + X2)) =

∫

R
f(z)(µ1 ∗ µ2)(dz)

therefore,

fX+Y (x) =

∫

R
fx(x− y)fY (y)dy

Definition 1.20. infinitely divisible Let X be a random variable taking values in R
with law µX . We say that X is infinitely divisible if, for all n ∈ N, there exist i.i.d. random

variables Y
(n)
1 , . . . , Y

(n)
n such that

X
d
= Y

(n)
1 + . . . + Y (n)

n

Let φX(u) = IE(eiuX) denote the characteristic function of X, where uinR.

Proposition 1.21. The following are equivalent :

(1) X is infinitely divisible
(2) µX has a convolution nth root that is itself the lwa of a random bariable, for each

n ∈ N,
(3) φX has an nth root that is itself the characteristic function of a random variable,

for each n ∈ N
Remark 1.22. µ ∈ M1(R) is infinitely divisible iff µ1/n ∈ M1(R) for each φµ(x) =

[φµ1/n(x)]n
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2. mathematical statistics

2.1. linear algebra.

2.2. estimation.

2.3. test.

2.4. regression model.

2.5. time-series analysis.
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3. Stochastic Process

3.1. Basic of Stochastic process.

Definition 3.1. Filtration
A filtration is an increasing sequence of σ-algebras on a measurable space. That is, given
a measurable space (Ω,F), a filtration is a sequence of σ-algebras {Ft}t≥0with Ft ⊆ F for
each t and t1 ≤ t2 ⇒ Ft1 ⊆ Ft2 . In finance, we consider it as information up to time t.

Definition 3.2. Stochastic Process
Given a probability space (Ω,F , P ) , a stochastic process with state space X is a collection of
X-valued random variables index by a set T . That is, a Stochastic process X is a collection

{Xt : t ∈ T}
where each Ft is an X-valued random variable.

Definition 3.3. Ft-measurable, adapted and predictable
A random variable X is said to be Ft-measurable(or measurable with respect to Ft) if
{x1 < X ≤ x2} ∈ F for any x1 ≤ x2. A stochastic process {Xt; t = 0, 1, . . . , T} is said to
be adapted to the filtration {Ft}, if each Xt is measurable with respect to Ft. The process
{Xt} is called predictable if Xt is measurable with respect to Ft−1 for all t = 1, 2, . . . , T

Remark 3.4. if Xt is adapted to its own filtration FX = σ{Xs|0 ≤ s ≤ t} is usually
called the natural filtration and then, IE[Xs|Fs] = Xs a.s.

Definition 3.5. stopping time
A stopping time is a random variable τ : Ω → [0,∞] for which the event (τ ≤ t) ∈
Ft for each t ≥ 0.

first hitting time τA is defined by

τA = inf{t ≥ 0; Xt ∈ A}
Definition 3.6. Martingale

Let X be an adapted process defined on a filtered probability space that also satisfies the
integrability requirement IE[|Xs||Fs] ≤ ∞ for all t ≥ 0. We say that is a martingale if ,for
all 0 ≤ s < t < ∞

IE[Xt|Fs] = Xs a.s.

Remark 3.7. IE[Xt|Fs] ≤ Xs then submartingale, IE[Xt|Fs] ≥ Xs then supermartingale

Definition 3.8. semimartingale
A process Xt is called a semimartingale, if Xt can be decoposed as follows : Xt = Mt + At

where Mt is a local martingale, and At is an adapted process with finite variation.

Definition 3.9. Markov
Let (Ω,F , P ) be a probability space equipped with a filtration Ft, t ≥ 0 Let {Xt}t≥0 be an
adapted process. We say that Xt is a Markov process if, for all f ∈ Bb(R) 0 ≤ s < t < ∞

IE[f(Xt)|Fs] = IE[f(Xt)|Xs] a.s.

Definition 3.10. semigroup operator
With Markov process Xt, let define the Operator Ts,t, 0 ≤ s ≤ t < ∞ from Bb(R) to the
Banach space of all bounded functions on R by

(Ts,tf)(x) = IE[f(Xt)|Xs = x]
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then, The Operator is called semigroup Operator if

(Ts+tf)(x) = (Ttf)(x)(Tsf)(x)

Remark 3.11. If Xt is an arbitrary Markov process, Operator Ts,t, 0 ≤ s ≤ t < ∞ on
Xt is semigroup operator

Definition 3.12. Transition probability
we call the mappings ps,t transition probabilities, as they give the probabilities of transition
of the process from the point x at time s to the set A at time t.

ps,t(x,A) = P (Xt ∈ A|Xs = x)

Remark 3.13. If Xt is an arbitrary Markov process, (Ts,tf)(x) =
∫
R f(y)ps,t(x, dy)

If X be lévy process and let qt be law of Xt then ps,t(x, A) = qt−s(A− x)

stationary, gaussian, markov process, point process
levy process cadlag poisson process brown motion martingale

3.2. Poisson Process.

Definition 3.14. Point Process
A process Xt is called gaussian iff for every finite set of indice t1, · · · , tk in T ,

X̃t1,··· ,tk = (X̃t1 , · · · , X̃tk)

Definition 3.15. Poisson Process
A process Xt is called poisson if

(1) it has independent increment

(2)the increment is stationary in time : Nt+s −Ntdependsonlyons

(3)the process admits at most single jump : P (Nt+h −Nt) ≥ 2|Nt) = o(h)

3.3. Brownian Motion.

Definition 3.16. Gaussian Process
A process Xt is called gaussian iff for every finite set of indice t1, · · · , tk in T ,

X̃t1,··· ,tk = (X̃t1 , · · · , X̃tk)

is a vector-valued Gaussian random variable.
OU process is stationary gaussian process.

Definition 3.17. Stationary Process
a stationary process is a stochastic process whose probability distribution at a fixed time or
position is the same for all times or positions. As a result, parameters such as the mean and
variance, if they exist, also do not change over time or position.

Definition 3.18. Stable Process
a stationary process is a stochastic process whose distribution is stable if

X1 + X2 + · · ·+ Xn − dn

cn

⇒ X

Definition 3.19. α - Stable Process
a stationary process is a stochastic process whose distribution is emphstable if

X1 + X2 + · · ·+ Xn − dn

cn

⇒ X
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Definition 3.20. α - similar process
a process Xt is α - similar process if

α
√

cXt ∼ Xt/c

Specially, if α = 1/2, we call it self-similar process. Brownian motion and gaussian process
is self-similar process.

stable, stationary, similar properties are related.

Definition 3.21. Brownian Motion
A stochastic process, that is a collection of random variables {Bt; 0let < ∞} defined on the
same probability space(Ω,F , P ) is a Brownian Motion if a random process Xt is defined by

Increament of Bt , Bt −Bsis independent to Fs := σ{Bt; 0 ≤ u ≤ s}
Increament of Bt , Bt −Bs ∼ N(0, t− s) for t > s

t 7→ Bt is continuous with probability 1.

where {t0, · · · , tN+1} satisfying

Remark 3.22. BM is not stationary, but it has stationary increments

Theorem 3.23. Property of Brown Motion

(1) IE [Bt] = 0

(2) IE [BsBt] = s ∧ t

(3) IE
[
eλBt

]
= eλ2t/s

(4) IE
[
eiθBt

]
= e−θ2t/s

(5) Bt is a martingale

3.4. levy process.

Definition 3.24. stochastically continuous
A stochastic process Xt is called stochastically continuous if

lim
t′→t

P (|Xt′ −Xt| > ε) = 0

Xt′
P−→ Xt as t′ → t

Definition 3.25. càdlàg
A stochastic process is called càdlàg if it has a.s. right continuous paths and the limits from
the left exist. and the stochastic process is continuous if its paths are a.s. continuous.
If f is càdlàg function we will denote the left limit at each point t ∈ (a, b] as

f(t−) = lim
s→t

f(s)

f(t−) = f(t) iff f is continuous at t

jump at t by ∆f(t) = f(t)− f(t−)

Clearly, a càdlàg function can only have jump discontinuous. and every a càdlàg function is
Borel measurable.
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Definition 3.26. Levy process A stochastic process Xt is called levy process if
process is stochastic continuous
increment of process is independent and stationary.
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CHAPTER 2

Stochastic Calculus

Definition 0.27. π, λ- system Let Ω be the sample sample.
We call A,the subset of Ω be π-system, if

A,B ∈ A ⇒ A ∩B ∈ A

We call C,the subset of Ω be λ-system, if

Ω ∈ C
A,B ∈ C and B ⊂ A ⇒ A \B ∈ A
An ∈ C and An ⊂ An+1 ⇒ ∪∞n=1An ∈ C

Theorem 0.28. Dynkin’s π, λ- system

A ⊂ C ⇒ σ(A) ⊂ C

1. Construction of Itô integral

Definition 1.1. pth- variation process
In general, the pth- variation process for a random process Xt is defined by

〈X, X〉pT (ω) := lim
∆tk→0

∑

k=0

|Xtk+1
(ω)−Xtk(ω))|p

where {t0, · · · , tN+1} satisfying 0 = t0 < t1 < · · · < tN < TN+1 = T is a partition of [0, T ]

Definition 1.2. Quadratic Variation
We specially call Quadratic Variation which is 2th- variation as below

Q(X) := lim
∆t→0

Qn(X)

= lim
∆t→0

n−1∑

k=0

(X(tk+1 −X(tk))
2

Remark 1.3. Quadratic Variation of Brown Motion. if X is a differentiable function
of t, Quadratic variation is zero, but for Brown motion, Quadratic variation is T a.s. and
IE[Qn] = T and V ar[Qn] = 3T 2/n for any n

Definition 1.4. Total Variation
Let γ : [a, b] → X be a function mapping an interval [a, b] to a metric space (X, d). We
say that γ is of bounded variation if there is a constant M such that, for each partition
P = {a = t0 < t1 < · · · < tn = b} of [a, b],

v(γ, P ) =
n∑

k=1

d(γ(tk), γ(tk−1)) ≤ M.

The total variation Vγ of γ is defined by

Vγ = sup{v(γ, P ) : P is a partition of [a, b]}.
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It can be shown that, if X is either R or C, every smooth (or piecewise smooth) function
γ : [a, b] → X is of bounded variation, and

Vγ =

∫ b

a

|γ′(t)|dt.

Also, if γ is of bounded variation and f : [a, b] → X is continuous, then the Riemann-Stieltjes

integral
∫ b

a
fdγ is finite.

Remark 1.5. Total Variation of Brown Motion. if Xt is Brown motion, Total Variation
is unbounded almost surely.

1.1. Riemann-Stieltjes Integral.

Definition 1.6. Riemann-Stieltjes Integral
Let f φ be two functions which are defined and finite on a finite interval [a, b]. Let Γ =
{a = x0 < x2 < · · · < xm = b} is a partition of [a, b], we select intermediate points {ξi}m

i=1

satisfying xi−1 ≤ ξi ≤ xi and write

RΓ =
m∑

i=1

f(ξi)[φ(xi)− φ(xi−1)].

RΓ is called a Riemann-Stieltjes sum for Γ, is depend on ξi, f ,φ and interval[a, b]. If

I = lim
|Γ|→0

RΓ

exist and is finite, for ε > 0, δ > 0 |I −RΓ| < ε for any Γ satisfying |Γ| < δ, then I is called
the Riemann-Stieltjes integral of f with respect to φ on [a, b], and denoted

I =

∫ b

a

f(x)dφ(x) =

∫ b

a

fdφ

if φ(x) = x then Riemann-Stieltjes integral is Riemann integral

1.2. Motivation. Let consider stochastic process dXt = µ(t)dt + σ(t)dBt If it is inte-
grable, its integral is

Xt =

∫ t

0

µ(s)ds +

∫ t

0

σ(s)dBt

first term of right side is Riemann integral, second term of right side is similiar with Riemann
steiltjes integral with f(t) = σ(t), φ(t) = Bt

In the property of Riemann-Stieltjes integral φ must be finite variation. but Bt is not
Bounded Variation. and 2-variation is finite. therefore, we can construct its integral with
2-variational sense.

For define
∫ t

0
BsdBt

Let check the properties.

Sn(t∗) =
∑

B(t∗)∆Bi t∗ = (t∗1, · · · , t∗n)

=
∑

B(ti−1)(Bi −Bi−1) choose t∗i = ti−1

=
1

2

∑
(B2

i −B2
i−1)(Bti −Bti−1

)2 a(b− a) =
b2 − a2 − (b− a)2

2

=
1

2
[(B2

t −B2
0) +

∑
(Bti −Bti−1

)2] expansion

=
1

2
B2

t +
1

2

∑
(Bti −Bti−1

)2
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Let define Qn =
∑

(Bti −Bti−1
)2 = E[∆B2

t ] Consider E[Qn] , V ar[Qn]

E[Qn] = E[
∑

(Bti −Bti−1
)2]

=
∑

E[(Bti −Bti−1
)2]

=
∑

ti − ti−1 property of BM

= t− 0 expansion

E[∆B2
t ] = t

V ar[Qn] = E[Q2
n]− E[Qn]2

= E[(
∑

(Bti −Bti−1
)2)2]− E[

∑
(Bti −Bti−1

)2]2

= E[
∑

(Bti −Bti−1
)4 +

∑

i6=j

(Bti −Bi−1)(Btj −Bti−1
)]

− [
∑

i

E[(Bti −Bti−1
)2]2 +

∑

i 6=j

E[(Bti −Bti−1
)]E[(Btj −Btj−1

)]]

= E[
∑

(Bti −Bti−1
)4]−

∑
i

E[(Bti −Bti−1
)2]2

= A + B B =
∑

i

∆t2

E[
∑

i

(Bti −Bti−1
)4] =

∑
E(Bti −Bti−1

)4

=
∑

i

E(Bti−ti−1
−B0)

4 =
∑

i

E(Bti−ti−1
)4

=
∑

i

(E
√

ti − ti−1B1)
4

=
∑

i

√
ti − ti−1

4
E(B1)

4

=
∑

i

∆t2E(B1)
4 =

∑
i

∆t23

V ar[Qn] =
∑

i

∆t23−
∑

i

∆t2

= (3− 1)
∑

i

∆t2 ≤ 2|∆t| → 0 as t → 0

In conclusion,

E[(Qn − t)2] = V ar[Qn] → 0

therefore, we consider norm ‖ · ‖= E[(·)2] and its equality is mean square sense’s equation

Qn
m.s.−→ t , Sn

m.s.−→ 1

2
B2

t −
1

2
t2

Let define∫ t

0

fdBt := m.s. lim

∫ t

0

φf
ndBt

E[(f − φf
n)2] → 0

17



2. Itô’s lemma

Theorem 2.1. Itô’s lemma Let Xt be an Itô process.

d(Xt) = µ(t,X)dt + σ(t,X)dWt

where Wt is Wiener process, and let f(t,X) be a function with with continuous second deriva-
tives. then. f(t, X) is also an Itô process and

df(t,Xt) =
∂f

∂t
dt +

∂f

∂X
dX +

1

2

∂2f

∂X2
dX2

= [
∂f

∂t
+ µ(t,X)

∂f

∂X
+ σ(t,X)2 1

2

∂2f

∂X2
]dt + σ(t,X)

∂f

∂X
dWt

Remark 2.2. Example of Geometric Brownian Motion
Let consider Geometric Brownian Motion Xt

dXt = µXtdt + σXtdBt

let f(t, x) = ln(x) with ∂f
∂t

= 0, ∂f
∂x

= 1
x
, ∂2f

∂x2 = − 1
x2

by ito lemma,

df(t,Xt) =
∂f

∂t
dt +

∂f

∂X
dX +

1

2

∂f

∂X
dX2

= 0dt +
1

Xt

[µXtdt + σXtdBt]− 1

2

1

X2
t

[µXtdt + σXtdBt]
2

= [µ +
1

2
σ2]dt + σdWt

d(ln(Xt)) = [µ− 1

2
σ2]dt + σdWt

ln(Xt) = ln(X0) +

∫ t

0

[µ− 1

2
σ2]ds +

∫ t

0

σdWs

ln(Xt) = ln(X0) + [µ− 1

2
σ2]t + σWt

Xt = X0e
[µ− 1

2
σ2]t+σWt

Remark 2.3. Example of OU process
Let consider Ornstein-Uhlenbeck process(or Vasicket process) Xt

dXt = α(m−Xt)dt + βdBt

let f(t, x) = xeαt with ∂f
∂t

= αxeαt, ∂f
∂x

= eαt, ∂2f
∂x2 = 0

by ito lemma,
18



df(t,Xt) =
∂f

∂t
dt +

∂f

∂X
dX +

1

2

∂f

∂X
dX2

= (αXte
αt)dt + eαt[α(m−Xt)dt + βdBt] + 0[α(m−Xt)dt + βdBt]

2

= (αXte
αt + eαtα(m−Xt))dt + βeαtdBt

= (αmeαt)dt + βeαtdBt

d(Xte
αt) = (αmeαt)dt + βeαtdBt

Xte
αt = X0e

α0 +

∫ t

0

(αmeαs)ds +

∫ t

0

βeαsdBs

Xt = X0e
−αt + m(1− e−αt) +

∫ t

0

βeα(s−t)dBs

thus, IE[Xt] = X0e
−αt + m(1− e−αt)

C.F. The Ornstein-Uhlenbeck process is a stationary Gaussian process.

Theorem 2.4. product formula

d(XtYt) = (dXt)Yt + Xt(dYt) + (dXt)(dYt)

Theorem 2.5. Itô isometry

IE

[
(

∫ T

0

f(t)dBt)
2

]
= IE

[∫ T

0

f(t)2dt

]

Remark 2.6. Example of Itô isometry
Let Xt OU process, Covariance

Cov(Xs, Xt) = IE[(Xs − IE[Xs])(Xt − IE[Xt])]

= IE[(Xs − (X0e
−αs + m(1− e−αs)))(Xt − (X0e

−αt + m(1− e−αt)))]

= IE[((X0e
−αs + m(1− e−αs) +

∫ t

0

βeα(u−s)dBu)− (X0e
−αs + m(1− e−αs)))

((X0e
−αt + m(1− e−αt) +

∫ t

0

βeα(v−t)dBv)− (X0e
−αt + m(1− e−αt)))]

= IE[(

∫ t

0

βeα(u−s)dBu)(

∫ t

0

βeα(v−t)dBv)]

= β2e−α(s+t)IE[

∫ t

0

eαudBu

∫ t

0

eαvdBv]

= β2e−α(s+t)IE[(

∫ t∧s

0

eαudBu)
2] by ito isometry

= β2e−α(s+t)IE[

∫ t∧s

0

e2αudu]

=
β2

e

−α(s+t)

2αIE[(e2α(t∧s) − 1)]

=
β2

e

−α(s+t)

2α(e2α(t∧s) − 1)

19



3. Relationship between SDE and PDE

Definition 3.1. infinitesimal generator
Let Xt be an Ito diffusion in R The infinitesimal generator A of Xt is defined by

Af(x) := lim
t↓0

IEx[f(Xt)]− f(x)

t
x ∈ R

Theorem 3.2. generator of ito diffusion
Let Xt be stochastic process as

Xt = µ(t,Xt)dt + σ(t,Xt)dBt

then infinitesimal generator of Xt is

Af(Xt) = lim
t↓0

IEx[f(Xt)]− f(x)

t
x ∈ R

= µ
∂f

∂x
+

1

2
σ2∂2f

∂x2

Remark 3.3. generator of brown motion is half laplacian that satisfies ut = 1
2
uxx

Theorem 3.4. Dynkins’ formula
Let τ be a stopping time with IEx[τ ] < ∞ and let f ∈ C2

0 then, Dynkins’ formula hold

IEx[f(Xτ )] = f(x) + IEx[

∫ τ

0

Af(Xs)ds]

Let Xt be an Ito diffusion in R with generator A. If we choose
f ∈ C2

0(R) τ = t in Dynkin’s formula, we see that

u(t, x) = IEx[f(Xt)]

is differentiable with respect to t and

∂u

∂t
= IEx[Af(Xt)]

Theorem 3.5. Komogorov’s Backward Equation
Let f ∈ C2

0(R) Define

u(t, x) = IEx[f(Xt)]

then u(t, ·) ∈ DA for each t and

∂u

∂t
= Au for t > o, x ∈ R

u(0, x) = f(x) for x ∈ R

Theorem 3.6. Komogorov’s Forward Equation
Let Xt be an Ito diffusion in R with generator A and assume that the transition measure of
Xt has a density pt(x, y), i.e.;

IEx[f(Xt)]

∫

R
f(y)pt(x, y)dy; f ∈ C2

0

20



Assume that y → pt(x, y) is smooth for each t, x. than

d

dt
pt(x, y) = A∗pt(x, y)

= − ∂
∂y

[µpt(x, y)] + 1
2

∂2

∂y2 [σ
2pt(x, y)]

where A∗f is the adjoint operator of A

Theorem 3.7. Original The Feynmann-Kac formula
Let f ∈ C2

0(R) and q ∈ C2
0(R). Assume that q is lower bounded. Put

v(t, x) = IEx[e−
∫ t
0 q(Xs)dsf(Xt)]

then
∂v

∂t
= Av − qv for t > o, x ∈ R

v(0, x) = f(x) for x ∈ R

Theorem 3.8. simple Feynmann-Kac formula
Let f ∈ C2

0(R) and q ∈ C2
0(R). Assume that q is lower bounded. Put

f(t, x) = IEx[H(T, ST )]

then
∂f

∂t
+Af = 0

f(T, x) = H(T, ST )x ∈ R

Theorem 3.9. discounted The Feynmann-Kac formula
Let f ∈ C2

0(R) . Assume that q is lower bounded. Put

f(t, x) = IEx[e−(T−t)rH(T, ST )]

then
∂f

∂t
+Af = rf

f(T, x) = H(T, ST ) for x ∈ R

Remark 3.10. Feynmann-Kac formula for option pricing
Let St is GBM, Let βt is riskless asset, Call Option price is

c(t, x) = IEx[e−(T−t)rH(T, ST , K)]

then by Feynmann-Kac formula

∂f

∂t
+ rx

∂f

∂x
+

1

2
σ2x2∂2f

∂x2
= rf

f(T, x) = H(T, ST )

ft + rxfx +
1

2
σ2x2fxx − rf = 0

f(T, x) = H(T, ST )

this is black sholes PDE
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CHAPTER 3

Partial Differential Equations

0.1. solving heat equation.

0.2. solving by green function.

0.3. HJB equation.

0.4. Finite Difference Method.

0.5. sobolev spaces and functional analysis.

0.6. Finite Element Method.

0.7. Sparse Grid Method.
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CHAPTER 4

Girsanov theorem

0.8. Girsanov theorem.

0.9. Numeraire.

0.10. Fundamental Theorem of Asset Pricing.
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CHAPTER 5

The Classical Black-Sholes Option Pricing Model

The famous Option Pricing Model is Merton, Black....

1. Model

European Options
Payoff Function is H(T, ST ) = max[ST −K, 0]

American Options
Payoff Function is H(T, ST ) = sup

t≤T
[St −K, 0]

Asian Option

Payoff Function is H(T, ST ) = max[ 1
T

∫ T

0
Stdt−K, 0]

and there are various exotic options as barrier, double barrier, ladder, etc.

1.1. Black-Scholes Option Pricing. Let consider asset St with riskless asset βt

dSt = µStdt + σStdBt GBM

dβt = rdt

European Call Options
Payoff Function is H(T, ST ) = max[ST −K, 0]

In this model, they assume some no-arbitrage argument, constant interest rate, no tax
and no transaction costs, short selling is possible.
The details of these assumptions are well explained by Hull(1990), Shreve(2001).

by risk neutral measure with market price of risk θ = r−µ
σ

dS?
t = rS?

t dt + σS?
t dB?

t GBM

Call Option price is

Ct = e−(T−t)rIE?[(S?
T −K, 0)+]

with S?
t = S?

0e
(µ− 1

2
σ2)t+σB?

t and its law is lognormal.

2. Pricing Formula

The Pricing formula is given

Ct = xN(d+(T − t, x))−Ke−r(T−t)N(d−(T − t, x))

where

d±(τ, x) =
1

σ
√

τ

[
ln

x

K
+ (r ± 1

2
σ2)τ

]

N(z) =
1√
2φ

∫ z

−∞
e−y2/2dy
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Figure 1. The Price of European Call Option on the stock price
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Figure 2. Numerical solution for the Black-Scholes European option pricing
function with σ = 0.2

3. Greeks

3.0.1. Delta ∆.
3.0.2. Gamma Γ.
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Figure 3. ∆ on asset price
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Figure 4. Γ on asset price

3.0.3. Vega ν.
3.0.4. Rho ρ.
3.0.5. Theta θ.
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Figure 5. ν on asset price
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Figure 6. ρ on asset price

4. Exotic Option pricing : Powered call option

Let consider asset γ powered process St with riskless asset βt

dSγ
t = µSγ

t dt + σSγ
t dBt

dβt = rdt 30
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Figure 8. θ on asset price and maturity

European Powered Call Options
Payoff Function is H(T, ST ) = max[Sγ

T −K, 0]
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CHAPTER 6

Monte Carlo simulation

0.1. Introduction to Monte Carlo Simulation.

Definition 0.1. simple Monte Carlo Simulation We can get the integration by many
trials X1, · · · , XN

IE[X] =
1

N

N∑
i=1

Xi

In BS option pricing model, for i = 1, · · · , N

Ct = e−(T−t)rIE?[(S?
T −K, 0)+]

= e−(T−t)r 1

N

N∑
i=1

(S?
T,i −K, 0)+

with S?
t = S?

0e
(µ− 1

2
σ2)t+σB?

t in this model law of B?
t is normal distribution, therefore we can

easily simulate S?
t by random number generating.

0.2. Quasi Monte Carlo Simulation.

0.3. Variance Reduction Method.

0.4. Control Variate Method.
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CHAPTER 7

Various Approach for fitting to Empirical Data

After 1983 of Stock Market Crisis, introduction of stochastic volatility

1. Empirical Evidence for Option price did not follow BS formula

0 200 400 600 800 1000 1200
50

100

150

200

0 200 400 600 800 1000 1200
0

20

40

60

80

Figure 1. historical chart of KOSPI 200 data from Jan. 20 2000 to Aug. 17
2007 and its volatilities

1.1. Fat-tail of distribution. In Black-Scholes Model, they assume the underlying
asset’s dynamics follows geometric brownian motion, that means its log return is normal
distribution. But, empirical evidence revealed that the fat-tail.

1.2. Skewness of Volatility Curves.

2. Constant Elasticity Volatility model

Let consider Constant elasticity of variance process as asset price St

dSt = µStdt + σS
α\2
t dBt
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Figure 2. historical chart of KOSPI 200 data from Jan. 20 2000 to Aug. 17
2007 and its volatilities

and Payoff Function is H(T, ST ) = max[ST −K, 0]

for solving SDE, let Y = S2−α
t . then by ito lemma with ∂Y

∂t
= 0, ∂Y

∂S
= (2 − α)S1−α

t ,
∂2Y
∂S2 = (2− α)(1− α)S−α

t we have

dYt = Ytdt + YsdSt +
1

2
Yss(dSt)

2

= 0dt +
(
(2− α)S1−α

t

)
dSt +

1

2

(
(2− α)(1− α)S−α

t

)
(dSt)

2

=
(
(2− α)S1−α

t

) (
µStdt + σS

α\2
t dBt

)
+

1

2

(
(2− α)(1− α)S−α

t

)
(µStdt + σS

α\2
t dBt)

2

=

[
µ(2− α)S2−α

t +
1

2
σ2(α− 1)(α− 2)

]
dt +

[
σ(2− α)S

2−α
2

t

]
dBt

dYt =

(
µ(2− α)Yt +

1

2
σ2(α− 1)(α− 2)

)
dt + σ(2− α)

√
YtdBt

This process is CIR process with Yt = S2−α
t Therefore, we can derive density function of Yt

by The Kolmogorov Forward Equation

∂f

∂t
= − ∂

∂Y
[µ(2− α)Yt +

1

2
σ2(α− 1)(α− 2)]f +

1

2

∂2

∂Y 2
[σ2(2− α)2Yt]f
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by solving PDE, we get the law of St then, we can get option price with it.

3. Stochastic Volatility Model with One-Factor model

We donote the price of the underlying by Xt and model it as the solution of the stochastic
differential equation :

dXt = µXtdt + σtXtdWt (3.1)

σt = f(Yt).

dYt = α(m− Yt)dt + βdẐt

where is a standard Brownian motion, and its covariation with

d〈W, Ẑ〉t = ρdt (3.2)

therefore we use below for inconvince

Ẑt = ρWt +
√

1− ρ2Zt (3.3)

Wt Zt are independent Brownian motions so that

(
Wt

Ẑt

)
=

(
1 0

ρ
√

1− ρ2

)(
Wt

Zt

)
(3.4)

in terms of the small parameter ε the rate of mean reversion α or its inverse, the typical
correlation time of (Yt) which we will consider as a small quantity denoted by

ε =
1

α
(3.5)

In the OU case the variance ν2 is given by in terms of ε

β =
ν
√

2√
ε

(3.6)

The model can be rewritten under the small parameter ε :

dXε
t =µXε

t dt + f(Y ε
t )Xε

t dWt (3.7)

dY ε
t =

1

ε
(m− Y ε

t )dt +
ν
√

2√
ε

dẐt (3.8)

3.1. Risk Neutral Measure. The market chooses one of these for pricing and we write
next the stochastic differential equations that model this choice in terms of the following two-
dimensional standard Brownian motion under the risk-neutral measure:

W ?
t =Wt +

∫ t

0

µ− r

f(Ys)
ds

Z?
t =Zt +

∫ t

0

γ(Ys)ds

where we assume that γ(y) is smooth bounded functions of y only. We introduce the com-
bined market prices of volatility risk Λ defiend by

Λ(y) =
ρ(µ− r)

f(y)
+ γ(y)

√
1− ρ2 (3.9)

The model can be rewritten under risk-neutral probability measure as
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dXε
t =rXε

t dt + f(Y ε
t )Xε

t dW ?
t (3.10)

dY ε
t =

[1

ε
(m− Y ε

t ) +
ν
√

2√
ε

Λ(Y ε
t )

]
dt +

ν
√

2√
ε

dẐ?
t (3.11)

we also write

Ẑ?
t = ρW ?

t +
√

1− ρ2Z?
t (3.12)

with |ρ| < 1, where W ?
t Z?

t are two independent standard Brownian motions under IP?(γ)

3.2. Assymptotics. We denote this price byP ε(t, x, y), and we know that by risk-
neutral pricing,

P ε(t, x, y) = IE?(γ)
{
e−r(T−t)h(Xε

T )|Xε
t = x, Y ε

t = y
}

(3.13)

by Feynman-Kac, partial differential equation for (15) is below

∂P ε

∂t
+

1

2
f(y)2x2∂2P ε

∂x2
+

ρν
√

2√
ε

xf(y)
∂2P ε

∂x∂y
+

ν2

ε

∂2P ε

∂y2

+ r
(
x
∂P ε

∂x
− P ε

)
+

[1

ε
(m− Y ε

t ) +
ν
√

2√
ε

Λ(Y ε
t )

]∂P ε

∂y
= 0

(3.14)

which has to be solved for t < T with the terminal condition

P ε(T, x, y) = h(x) (3.15)

The partial differential equation involves terms of orderO(1/ε),O(1/
√

ε), andO(1). In order
to account for these three different orders, we introduce the following convenient notation :

Lε :=
1

ε
L0 +

1√
ε
L1 + L2 and (3.16)

L0 :=(m− y)
∂

∂y
+ ν2 ∂2

∂y2
(3.17)

L1 :=
√

2νρxf(y)
∂2

∂x∂y
−
√

2νΛ(y)
∂

∂y
(3.18)

L2 :=
∂

∂t
+

1

2
f(y)2x2 ∂2

∂x2
+ r

(
x

∂

∂x
− ·) (3.19)

(3.20)

With this notatoin, the pricing partial differential equation becomes(
1

ε
L0 +

1√
ε
L1 + L2

)
P ε = 0 (3.21)

with terminal conditoin

P ε(T, x, y) = h(x) (3.22)

The method is to expand the solution P ε in power of
√

ε,

P ε = P0 +
√

εP1 + εP2 + ε
√

εP3 + ε2P4 + · · ·, (3.23)

where P0, P1, ... are functin of (t, x, y) to be determined such that P0(T, x, y) = h(x). We
are primarily interested in ther first two terms P0 +

√
εP1. The terminal condition for the

second term is P1(T, x, y) = 0. Substituting (28) into (23) lead to
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1

ε
L0P0 +

1√
ε

(L0P1 + L1P0)

+ (L0P2 + L1P1 + L2P0)

+
√

ε(L0P3 + L1P2 + L2P1)

+ · · ·
= 0

(3.24)

3.2.1. Deriving terms. equation terms of O(1/ε) we must have

L0P0 = 0 (3.25)

The operator L0 given by (20) is the generator of an ergodic Markov process and acts only
on the y variable; hence P0 must be a constant with respect to that variable, which implies
that

P0 = P0(t, x) (3.26)

a function of (t, x) only.
Similarly, in order to eliminate the terms in O(1/

√
ε), we must have

L0P1 + L1P0 = 0 (3.27)

The operator L1 given by (21) takes derivatives with respect to y, and we therefore deduce
from (31) that L1P0 = 0 and consequently that L0P1 = 0. Using the same argument as for
(30), it is clear that

P1 = P1(t, x) (3.28)

a function of (t, x) only. This implies in particular that the combination of the first two
terms P0 +

√
εP1 will not depend on the present volatility

The equation terms of O(1) give:

L0P2 + L1P1 + L2P0 = 0 (3.29)

3.2.2. Poisson equation. From (33) we know that L1P1 = 0, so this equation reduced to

L0P2 + L2P0 = 0 (3.30)

The variabvle x being fixed, L2P0 is a function of y since L2 involves f(y). Focusing on the
y dependence only, equation (35) is of the form

L0χ + g = 0 (3.31)

which is known as a Poisson equation for χ(y) with respect to the operator L0 in the variable
y. This equation does not have a solution unless the function g(y) is centered with respect
to the invariant distribution of the Markov process Y whose infinitesimal generator is L0.

We donote the invariant distribution of Y by

Φ(y) =
1√
2πν

e−(y−m)2/2ν2

(3.32)

The centeringf condition

〈g〉 =

∫
g(y)Φ(y)dy = 0 (3.33)

is necessary for poisson equation to admit a solution, as can be seen from the following
calculation using integral by part and use the definition of the adjoint operator L?

0 and its
property L?

0Φ(y) = 0 Because the OU process has invariant measure
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In our situation, the centering condition in equation gives

〈L0P0〉 = 0 (3.34)

since P0 does not depend on y, this is 〈L0〉P0 = 0 and, from the definition of 〈L2〉 = LBS(σ̄)
where the effective volatility σ̄ is defined by σ̄ = 〈f 2〉

3.2.3. zero-order term. Therefore, the zero-order term P0(t, x)is the solution of the Black-
Scholes equation

LBS(σ̄)P0 = 0 (3.35)

with the terminal condition P0(T, x) = h(x).
As the centering condition is satisfied we can write

L2P0 =L2P0 − 〈L2P0〉

=
1

2
(f(y)2 − σ̄2)x2∂2P0

∂x2

(3.36)

The second-order correction P2, solution of the Poisson equation L0P2 + L2P0 = 0, is then
given by

L0P2 = −L2P0

= −(L2P0 − 〈L2P0〉)

= −1

2
(f(y)2 − σ̄2)x2∂2P0

∂x2

(3.37)

therefore

P2(t, x, y) =− 1

2
L−1

0 (f(y)2 − σ̄2)x2∂2P0

∂x2

=− 1

2
(φ(y) + c(t, x))x2∂2P0

∂x2

(3.38)

where φ(y) is a solution of the poisson equation

L0φ(y) = f(y)2 − 〈f(y)2〉 (3.39)

and c(t, x) is a constant in y that may depend on (t, x).

3.3. first correction. The equation terms of O(
√

ε) give:

L0P3 + L1P2 + L2P1 = 0 (3.40)

This is again a Poisson equation for P3 with respect to L0, which requires the centering or
solvability condition

〈L1P2 + L2P1〉 = 0 (3.41)

Using the computation of P2, the fact that P1 does not depend on y and 〈L2〉 = LBS(σ̄)
where the effective volatility σ̄ is defined by σ̄ = 〈f 2〉 , we deduce that

LBS(σ̄)P1 =
1

2
〈L1φ(y)〉x2∂2P0

∂x2
(3.42)

we then check that it is given by

〈L2〉P1 =LBS(σ̄)P1

=
1

2
〈L1φ(y)〉x2∂2P0

∂x2

(3.43)
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Notice that L1c = 0, since L1 take derivatives with respect to y and c(t, x) is independent
of y. Using definition of L1, one can computed the operator

〈L1φ(y)·〉 =〈L1φ(y)·〉

=(
√

2νρ〈f(y)φ(y)′〉x ∂

∂x
−
√

2ν〈Λ(y)φ(y)′〉·
(3.44)

the sixth equality is given by P1(t, x), P0(t, x) does not depend on y. and finally derived the
equation for P1(t, x) :

LBS(σ̄)P1 =

√
2

2
νρ〈fφ′〉x3∂3P0

∂x3
+

(√
2νρ〈fφ′〉 −

√
2

2
ν〈Λφ′〉

)
∂2P0

∂x2
(3.45)

with the terminal condition P1(T, x) = 0.
At this stage it is convenient to introduce notation for the first small correction, for

approximation of P ε = P0 +
√

εP1 + εP2 + ε
√

εP3 + ε2P4 + · · · are below:

P̃1(t, x) :=
√

εP1(t, x) (3.46)

which is the solution of

LBS(σ̄)P̃1 = H(t, x)P0 (3.47)

where the first correction operator H(t, x) defined by

H(t, x) := V2x
2 ∂2

∂x2
+ V3x

3 ∂3

∂x3
(3.48)

V2 V3 are two small coefficients, given in terms of α = 1/ε by

V2 =
ν√
2α

(2ρ〈fφ′〉 − 〈Λφ′〉) (3.49)

V3 =
ρν√
2α
〈fφ′〉 (3.50)

The first correction satisfies the inhomogenous Black-Scholes PDE equation with a zero
terminal condition and a small source term computed from derivatives of the leading term
P0(t, x). the solution of P̃1 is explicitly given by

P̃1 =− (T − t)

(
V2

∂2

∂x2
+ V3x

3 + V3
∂3

∂x3

)
P0

=− (T − t)H(t, x)P0

(3.51)

LBS(σ̄)

(
xn ∂n

∂xn
(t, x)P0

)
= xn ∂n

∂xn
LBS(σ̄)P0 (3.52)

for any positive integer n

Lastly, the corrected price is given explicitly by

P ε ≈ P̃1

= −(T − t)

(
V2

∂2

∂x2
+ V3x

3 + V3
∂3

∂x3

)
P0

= P0 − (T − t)H(t, x)P0

(3.53)
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where P0 = PBS(σ̄),the Black-Scholes price with constant volatility σ̄ = 〈f(y)〉
4. Jump Diffusion Model

Let consider asset St with jump Yt

dSt = µStdt + σStdB
(1)
t + dYt

Yt := jump process

where Yt as poisson process, compound process, cox process etc.
and Payoff Function is H(T, ST ) = max[ST −K, 0]

5. Stochastic Volatility Model with Two-Factor model

5.1. Fast scale volatility factor.

5.2. Slow scale volatility factor.

5.3. Risk Neutral Measure.

5.4. Asymptotics.
5.4.1. Deriving terms.
5.4.2. Expansion in the fast scale.
5.4.3. Expansion of P ε

1 .

5.5. The first Correction.

5.6. Jump Diffusion Model. Let consider asset St with jump Yt

dSt = µStdt + σStdB
(1)
t + dYt

Yt := jump process

where Yt as poisson process, compound process, cox process etc.
and Payoff Function is H(T, ST ) = max[ST −K, 0]

we can but we must find generator of Yt to get option price with jump process.

5.7. lèvy process Model. Let consider asset St as lèvy process.
CGMY process , Variance Gamma process , α-stable process is famous lèvy process.
and Payoff Function is H(T, ST ) = max[ST −K, 0]
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CHAPTER 8

Financial Application : Term Structure Model

1. Classical Model

Forward rate
Vasicek Model : Check on Calculation of OU process

1.1. HJM framework.

1.2. LIBOR market model.
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CHAPTER 9

Financial Application : Credit Risk Modeling

0.3. default.

0.4. hazard rate.

0.5. cox process.

0.6. CDS.

0.7. copula.
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CHAPTER 10

stochastic optimal control

0.8. kalman filter.

0.9. optimal stopping.

0.10. optimal control.

0.11. portfolio optimization.
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